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Two-loop Feynman integrals of the massive φ4
d
eld theory are expliitly obtained for generi spae dimen-
sions d. Corresponding renormalization-group funtions are expressed in a ompat form in terms of Gauss
hypergeometri funtions. A number of interesting and useful relations is given for these integrals as well as
for several speial mathematial funtions and onstants.
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1. Introdution
The dependene of ritial exponents of statistial mehanial systems on the physial spae
dimension is one of the most fundamental features of ritial phenomena [1℄. Continuous hanging
of the spae dimension d has been the basi priniple for onstruting the famous Wilson-Fisher
epsilon expansion [2℄ with ε = 4−d. However, the Renormalization Group (RG) [3℄, whih provides
the fundamental theoretial basis for suh alulations, is nonperturbative in its nature. It does
not require that the ritial exponents or any other universal quantities must be expanded in some
spae deviation, oupling onstant, inverse number of order-parameter omponents, et.
While investigating the ritial phenomena, the RG allows, in priniple, to work in any setting
of interest provided that we are smart enough to nd out the appropriate analytial or numerial
tools. The ε-expansion has shown itself as a very useful tool in studying the qualitative features of
systems in ritial state even in its lowest-order approximations (see, e.g., [4℄). Pushed to higher
orders, it allowed to produe very aurate numerial extrapolations for ritial exponents of three-
dimensionalN -vetor models [5℄. An alternative alulational sheme used with omparable suess
is the so-alled g-expansion within the massive eld theory in xed dimension put forward by Parisi
[6℄. This approah has been mainly applied diretly in three dimensions to systems of dierent
omplexity [712℄ (for a reent review see [13℄). In [7℄ it was used for alulating the exponents of
φ4 models in two dimensions, and in [14℄  applied to pure and disordered Ising systems in general
dimensions 2 < d < 4.
A natural aess to non-integer dimensions provides also the well-known large-N expansion
[1518℄. In its general sope, it gives expliit expressions for ritial exponents as funtions of d.
These are valid in the whole range between the lower and upper ritial dimensionalities, and an
be handled analytially. The large-N expansion is apable to yield information on dimensional
dependenies that are hardly aessible by other means, for example, from the epsilon expansion.
Unfortunately, it is very hard to obtain suh results in higher orders in 1/N , while short series
expansions in 1/N usually fail to give very aurate numerial estimates for relatively small values
of N , say N = 3. The onvergene of trunated 1/N expansions has been analyzed on the basis of
the eld-theoretial approah at d = 3 in [19℄.
The knowledge of dimensional dependenies of ritial exponents, or eventually also universal
relations of ritial amplitudes are of great theoretial and pratial interest. The information
of this kind broadens out our fundamental knowledge about these main harateristis of the
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ritial behavior. Moreover, the possibility to onsider the results, whih are not diretly related to
dimensional expansions, in the viinity of the upper or lower ritial dimensions provides us with
useful heks of their orretness or with some new relevant insights.
Let us give several examples. At the beginning of 1980ies Newman and Riedel [20℄ used the
exat Wegner-Houghton [21℄ RG equation and the saling eld method in a study of the pure and
dilute Ising models (IM) in general dimensions from the interval 2.8 < d < 4.
Pinn et. al. [22℄ studied the RG in the hierarhial model in 2 < d < 4. Some of their results
have been given as tables illustrating the dimensional dependenies of ritial indies alulated
for some sets of disrete non-integer values of d. A ontat with the ε-expansion has also been
established.
Reently, Ballhausen et. al. [23℄ alulated dimensional dependenies of IM ritial exponents
for 1 < d < 4 by using the rst-order derivative expansion of the exat RG equation for the eetive
average ation (for reent reviews see [24,25℄). Their results for ν(d) and η(d) are very similar to
that obtained in [26℄ and [14℄.
In a very reent paper [27℄, O'Dwyer and Osborn analyze the Polhinski version [28℄ of the
exat RG equations [21,3,24℄ and its possible trunations and derivative expansions. This is done
both for non-integer dimensions between two and four, and in the epsilon expansion. Suh om-
bined approah allowed to better understand the loal potential approximation [29℄, the derivative
expansions used in treatments of the Polhinski equation, and moreover, to suggest an alternative
improved trunation of this equation.
Another story happened in the study of the ritial behavior of O(N) × O(M) spin models
[12,3033℄. Apparently, ertain ontroversies in the disussion of these referenes ould be avoided
if there would be more well-established information related to the dimensional dependenies of RG
funtions, xed points, and ritial exponents.
Finally, let us note that there is a big ontinuous interest in the high-energy physis (HEP)
literature in alulating expliit losed-form results for Feynman integrals in general dimensions
[3445℄.
We believe that the results displaying the expliit dependenies of RG funtions and physial
observables on the spae dimension d are of fundamental importane. The aim of the present paper
is to do a little step in this diretion. We return to the artile [14℄ published some time ago with
Holovath and alulate the losed-form expressions for the two-loop RG funtions of the massive
eld theory, treated in that work numerially, in general dimensions 1 ≤ d ≤ 4.
2. Two-loop RG funtions and Feynman integrals
Let us onsider the usual massive [4649,6℄ O(N)-symmetri φ4 theory in general dimensions
d ≤ 4. To seond order in renormalized oupling onstant u, the orresponding β and γ RG
funtions an be written as [49,50,14℄
β(u) = −(4− d)u
{
1− u+ 8u
2
(N + 8)2
[(5N + 22)f(d) + (N + 2)j(d)]
}
+O(u4),
γφ(u) = −4(4− d)
N + 2
(N + 8)2
j(d)u2 +O(u3),
γ¯φ2(u) = (4− d)
[
N + 2
N + 8
u− 12 N + 2
(N + 8)2
f(d)u2
]
+O(u3).
At the xed point u = u∗, whih is determined by the zero of the β funtion β(u), the funtion γφ
gives the value of the Fisher exponent η, while γ¯φ2(u
∗) leads to the ombination 2− ν−1− η where
ν is the orrelation length ritial exponent.
The d-dependent funtions f(d) ≡ i(d) − 1/2 and j(d) are dened by the ombinations of
Feynman diagrams taken at zero external momenta,
i(d) = / 2 and j(d) =
∂
∂q2
∣∣∣∣
q2=0
/ 2 . (1)
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The massive two-loop integrals appearing in i(d) and j(d) are given by
I(m2; d) =
∫ ∫
ddk1 d
dk2
(2pi)2d
1
(k21 +m
2)2(k22 +m
2)[(k1 + k2)2 +m2]
, (2)
J(m2, q2; d) =
∫ ∫
ddk1 d
dk2
(2pi)2d
1
(k21 +m
2)(k22 +m
2)[(k1 + k2 + q)2 +m2]
. (3)
The one-loop integral whih appears in (1) and is traditionally used [51,52,7,50℄ for normalization
of the oupling onstant is given by
D(m2; d) =
∫
ddk
(2pi)d
1
(k2 +m2)2
= md−4(4pi)−d/2Γ(2− d/2) (4)
where Γ(z) is a usual Euler's gamma funtion (see e.g. [53℄). This integral is absorbed, along with
the symmetry fator (N + 8)/6 into the normalization of the dimensionless renormalized oupling
onstant u. With this normalization, the RG β funtion starts with −u+ u2 +O(u3) in the three-
dimensional theory [51,7℄. On the other hand, sine the integralD(d) has a 1/ε pole as d approahes
4, in the epsilon expansion the xed point value u∗ will be given by 1 +O(ε) as a onsequene of
suh normalization.
It is easy to see that the folowing relations hold true for the integrals I and J ,
I(m2; d) = −1
3
∂
∂m2
J(m2, 0; d) = −d− 3
3
(m2)d−4 J(1, 0; d), (5)
where the seond equality immediately follows from the saling property J(m2, q2; d) = (m2)d−3J(1, q2/m2; d)
of the funtion J .
In [14℄, using the Feynman parametrization (see, e.g., [54℄), i(d) and j(d) have been redued to
the double integrals over Feynman parameters and written down as
i(d) =
Γ(ε)
Γ2(ε/2)
∫ 1
0
x dx
[x(1 − x)]1−ε/2
∫ 1
0
yε/2 dy
[x(1 − x)(1 − y) + y]ε , (6)
j(d) = − Γ(ε)
Γ2(ε/2)
∫ 1
0
dx
[x(1 − x)]−ε/2
∫ 1
0
yε/2(1 − y) dy
[x(1 − x)(1 − y) + y]ε . (7)
Here and further on, we parametrize the dimensional dependenies by the usual deviation from the
upper ritial dimension ε = 4− d. Generially, we do not assume that ε is innitesimally small.
At the time of writing the paper [14℄, the following information was available. At d = 3, the
integrals i and j ould be easily evaluated analytially as i(3) = 2/3 and j(3) = −2/27. At d = 2,
their numerial values are [52,50℄ i(2) = 0.78130241 . . . and j(2) = −0.11463575 . . .. As d → 4,
both integrals I(d) and J(d) have poles in ε, namely I(4 − ε) ∼ 1/ε2 and J(4 − ε) ∼ 1/ε. In the
funtions i(4− ε) and j(4− ε) these poles are ompensated by division through D2(4− ε), so that
their ε expansions start with1 [49℄
i(d) =
1
2
+
ε
4
+O(ε2) and j(d) = −ε
8
− ε
2
8
(3
4
+ I
)
+O(ε3) (8)
where
I =
∫ 1
0
dx
{
1
1− x(1 − x) +
ln[x(1 − x)]
[1− x(1 − x)]2
}
. (9)
This integral has not been alulated in [49℄ sine it is "renormalization-dependent" and disappears
from the results for the ritial exponents [49℄. Numerially, I = −1.5626048 . . .. For non-integer
d, the funtions f(d) and j(d) have been tabulated in [14℄ by using numerial omputations in (6)
and (7). The orresponding graphs have been plotted point by point for 2 ≤ d ≤ 4. The aim of
the following setion is to obtain analytially the expliit expressions for these funtions in general
dimensions d.
1
The similar formula given at p. 873 of [14℄ is not orret.
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3. Expliit alulations in general dimensions
Let us return to the integrals i(d) and j(d) given by (6) and (7) and onsider the inner y integral
from (6). Denoting for a while z ≡ x(1 − x) we write it as
If (z) = z
−ε
∫ 1
0
dy yε/2[1− y(z − 1)/z]−ε . (10)
We reognize that here we have to deal with an integral representation of the inomplete beta
funtion Bt(a, b) (see, e.g., [53℄, entry 6.6.1). But it is more onvenient to express this funtion in
terms of the Gauss hypergeometri funtion using the relation 6.6.8 of [53℄,
Bt(a, b) = a
−1xa 2F1(a, 1− b; a+ 1; t) . (11)
Thus we obtain
If (z) =
2
2 + ε
z−ε 2F1 [1 + ε/2, ε; 2 + ε/2; (z − 1)/z)] . (12)
However, the argument of the resulting hypergeometri funtion is not good for further integration
over x in the limits from 0 to 1 sine the fator 1/z is singular at x = 0 and x = 1. The situation
is substantially improved by using the three-term linear transformation formula 15.38 from [53℄
whih reads
2F1(a, b; c;x) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a) (1− x)
−a
2F1[a, c− b; a− b+ 1; (1− x)−1]
+ a similar expression with a and b interhanged. (13)
After some algebrai transformations we obtain for the inner y integral from (6)
If (z) =
2
2− ε
[
−ε
2
Γ2(ε/2)
Γ(ε)
z1−ε/2(1− z)−1−ε/2 + 2F1(ε, 1; ε/2; z)
]
. (14)
An essential simpliation ourred in the rst term due to an appearane of a hypergeometri
funtion with equal nominator and denominator parameters (see, e.g., [53℄, entry 15.1.8):
2F1(a, b; b; z) =
∑
k≥0
(a)k
k!
zk = (1− z)−a (15)
where (a)k = Γ(a+ k)/Γ(a) = a(a+ 1) . . . (a+ k − 1) is the Pohhammer symbol.
Let us substitute the rst term of (14) into the outer x integral remaining in (6). Realling
the short-hand notation z = x(1 − x) we see that the fator z1−ε/2 is exatly anelled by the
analogous term in the denominator and, apart from the numerial onstants, we remain with∫ 1
0
x dx
(1− x+ x2)1+ε/2 =
∫ 1/2
0
dt
(3
4
+ t2)1+ε/2
=
21+ε
31+ε/2
2F1
(
1 +
ε
2
,
1
2
;
3
2
;−1
3
)
. (16)
The last equality an be obtained by simply expanding the denominator of the t integral via (15)
and integrating the resulting series expansion term by term.
The seond part of the square brakets in (14) an be handled in a similar fashion. A straight-
forward alulation employing the Gauss series representation of 2F1 yields∫ 1
0
x dx
[x(1 − x)]1−ε/2 2F1
[
ε, 1;
ε
2
;x(1 − x)
]
=
Γ2(ε/2)
2Γ(ε)
2F1
(
ε, 1;
1
2
+
ε
2
;
1
4
)
. (17)
Now we notie that the hypergeometri funtion with the argument−1/3 an be expressed in terms
of a similar funtion with the argument 1/4 using the the linear transformation formula (see, e.g.,
[53℄, entry 15.3.4)
2F1(a, b; c; z) = (1− z)−a 2F1
(
a, c− b; c; z
z − 1
)
. (18)
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Thus we get from (6) and (16) along with (18) and (17) our rst expliit result
i(d) =
1
2− ε
[
2F1
(
ε, 1;
1
2
+
ε
2
;
1
4
)
− ε
2
2F1
(
1 +
ε
2
, 1;
3
2
;
1
4
)]
. (19)
As ε → 0, the rst hypergeometri funtion in square brakets redues to 1, the seond term
vanishes due to the expliit fator ε, and i(d) = 1/2 + O(ε), as it should (see (8)). Despite of the
overall fator 1/(2 − ε), there is no singularity at d = 2 sine the ombination in square brakets
vanishes at ε = 2. In Appendix we derive the expliit result for i(2) in terms of the generalized
hypergeometri funtion 3F2.
Suessive appliation of Gauss' relations for ontiguous funtions 2F1 given by entries 7.3.1.16
and 7.3.1.18 of [55℄ to the seond hypergeometri funtion from (19) leads to an elegant represen-
tation
i(d) =
1
2− ε
[
2 + 2F1
(
ε, 1;
1
2
+
ε
2
;
1
4
)
− 2 2F1
(ε
2
, 1;
1
2
;
1
4
)]
. (20)
Here an interesting symmetry of the nominator and denominator parameters in both funtions 2F1
is observed, while they dier one from another by ε/2.
Let us onsider the seond funtion j(d). The alulation of the double integral (7) is somewhat
more involved but the experiene of the above alulation allows us to be brief.
While onsidering the inner integration If (z) in (10) we have seen that it is useful to get its
result in terms of a Gauss hypergeometri funtion of the argument z ≡ x(1−x), and not (z−1)/z
whih is suggested diretly by the integrals over y in (6)(7) and (10). This an be ahieved
diretly on the level of the integral representation. Indeed, hanging the initial integration variable
via y = 1/(t+ 1) we obtain for the inner integral Ij(z) from (7)
Ij(z) =
∫ ∞
0
t dt
(t+ 1)3−ε/2
(1 + zt)−ε =
4
(4− ε)(2− ε) 2F1(ε, 2; ε/2; z) (21)
− ε
(4− ε)(2− ε)
Γ2(ε/2)
Γ(ε)
z1−ε/2(1− z)−2−ε/2 [4− ε− 2(1− ε)z] .
The two terms of Ij(z) are similar to that generated by the inner y integration in i(d) (see (14)).
They an be handled in the same manner inside of the external integral over x in (7). Aording
to this deomposition of Ij(z), we obtain two dierent ontributions to the funtion j(d). We an
write
j(d) = − ε
(4− ε)(2 − ε) [j1(d) + j2(d)] (22)
where
j1(d) =
1− ε
3(1+ε)
[
2F1
(
ε, 1;
3+ε
2
;
1
4
)
+
4(4 + ε)
3(1− ε) −
4 + ε
3(3+ε)
2F1
(
1 + ε, 1;
5+ε
2
;
1
4
)]
,
j2(d) =
21+ε
3ε/2
[
(1 − ε)2F1
(ε
2
,
1
2
;
3
2
;−1
3
)
+ 2ε 2F1
(
1 +
ε
2
,
1
2
;
3
2
;−1
3
)
−8
9
(2 + ε) 2F1
(
2 +
ε
2
,
1
2
;
3
2
;−1
3
)]
.
Similarly as before, using the linear transformation (18), we an redue all above hypergeometri
funtions to that with the argument 1/4. Further, the repeated use of the ontiguous funtions'
relations leaves us only with the same two 2F1 funtions whih appeared in i(d). Moreover, they
build up just the ombination dening that funtion. Finally we arrive at a simple expression of
j(d) in terms of i(d):
j(d) =
1
3d
[
4− (4 + d)i(d)
]
. (23)
We reall that two equivalent expliit expressions for the funtion i(d) are given in (19) and (20).
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4. Some results in two dimensions
While the integrals i(d) and j(d) are smooth funtions of d in the range of our interest, their
alulation at d = 2 requires some are. In order to alulate i(2) from (19) or (20), we have to
introdue a small deviation α from d = 2 and onsider the limits α → 0 of these expressions.
Details of the alulation an be found in appendix A.
We obtain the expliit expression for i(d) at d = 2 in terms of the generalized hypergeometri
funtion 3F2:
i(2) =
4
3
√
3
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)
. (24)
Using the relation (23) it is easy to obtain the value of j(2):
j(2) = − 4
3
√
3
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)
+
2
3
. (25)
Searhing for some other representations of i(2) we have found the relation (details are given
in appendix A)
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)
= Cl2(pi/3) . (26)
Here Cl2(pi/3) = 1.0149417 . . . is the maximum value of the Clausen's funtion (for more informa-
tion on this and related funtions see [56℄)
Cl2(θ) = −
∫ θ
0
dθ ln
∣∣∣2 sin θ
2
∣∣∣ = ∑
n≥1
sinnθ
n2
. (27)
Apparently, the identity (26) does not appear expliitly in the mathematial literature. It supple-
ments the very similar formula
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;−1
4
)
=
pi2
10
(28)
from mathematial tables [55℄, entry 7.4.6.1.
5. What an we learn from the HEP literature?
As well as in the ondensed-matter physis, the alulation of multi-loop Feynman integrals is
an important issue in the high-energy physis literature. Although the Feynman diagrams in four
spae-time dimensions are of main onern in the HEP theory, very often they are alulated by
using the dimensional regularization in arbitrary spae-time dimension d. It is reognized (see e.g.
[34℄) that working in general d dimensions is often muh easier than diretly at d = 4.
Atually, the ondensed-matter and high-energy physiists are often doing muh the same work
by pursuing physially dierent goals. This is, perhaps, most pronouned just in alulations of
Feynman integrals. Unfortunately, it happens not very often that authors of these two ommunities
pay enough attention to ahievements gained in another one. The aim of the present setion is to
quote some HEP results related to alulations of the preeding setions. In doing this we show
several useful impliations of establishing suh ontats. By reviewing briey some HEP referenes
we would like to draw attention of the ond-mat readers to them, as we feel that these are not well
known and appreiated in the ond-mat literature.
Some of the results obtained in [34℄ are diretly related to ours. In partiular, the authors of this
referene alulate the two-point funtion J3(m
2, q2) ∼ . By using the Mellin-Barnes
ontour integral representation for massive propagators [57℄ they derive for J3(m
2, q2) an innite
series over linear ombinations of 3F2 funtions
2
.
2
Only quite reently an expliit expression for J3(m2, q2) has been found [40℄ in terms of Gauss and Appell
hypergeometri funtions.
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The rst two oeients of the small-q2 expansion of J3(1, q
2) are simply proportional to our
funtions i(d) and j(d). This an be seen by notiing (see (3)-(4)) that J(m2, q2)/D2(m2) =
(ε2/4)J3(m
2, q2) and taking into aount the relation (5). Thus we get, rst,
i(d) =
1
2− ε
2
3
C(0) =
1
2− ε
2
3
[
3
1
2
− ε
2
piΓ(ε)
Γ2(ε/2)
+
3
2
(1− ε) 2F1
(ε
2
, 1;
3
2
;
1
4
)]
(29)
where we quote the equation (33) from [34℄ with the usual replaement ε → ε/2. Analogous
expressions an be found also in [37℄, eq. (4.38), and [58℄, eq. (A.11).
The last expression for i(d) is equivalent to that found in (19) and (20). A diret omparison
between (29) and (19)-(20) an be done by applying the ontiguous relations for hypergeometri
funtions with ε/2 in nominator parameters. This leads to an interesting and non-trivial relation
for involved Gauss' funtions diering in O(ε) as ε→ 0,
2F1
(
ε, 1;
1
2
+
ε
2
;
1
4
)
+ 2F1
(ε
2
, 1;
1
2
;
1
4
)
− 2 = 3− 12− ε2 2piΓ(ε)
Γ2(ε/2)
. (30)
The seond hek is given by the relation
j(d) =
4
d(d−2)(d−4) C(1) (31)
where C(1) is the small-q2 expansion oeient appearing in eq. (31) of [34℄. This oeient is
expressible in terms of C(0) by the reurrene relation (37) of [34℄,
C(1) =
d− 3
3
[
d− 2− d+ 4
6
C(0)
]
. (32)
Now, taking into aount the rst equality of (29), we reprodue from (31)-(32) the previously
obtained expression (23) for j(d) in terms of i(d). Thus, the formula (23) is a onsequene of
reurrent relations that hold true for the small-q2 expansion oeients of the Feynman inte-
gral J(m2, q2; d). In turn, these reurrenes follow from the dierential equation3 satised by the
funtion J(m2, q2; d) [34℄.
A full ε expansion of the funtions i(d) and j(d) an be obtained with the help of eq. (4.16)
from [37℄. Using it we an write
i(d) =
1
2− ε

1 + 3− 12− ε2 2piΓ(ε)Γ2(ε/2) − ε2 3 12− ε2
∑
j≥0
εj
j!
[
Lsj+1
(2pi
3
)
− Lsj+1(pi)
]
 (33)
where
Lsj(θ) = −
∫ θ
0
dθ lnj−1
∣∣∣2 sin θ
2
∣∣∣ (34)
are the log-sine funtions (see [37,56℄). Per denition,
Ls1(θ) = −θ and Ls2(θ) = Cl2(θ) (35)
where Cl2(θ) is the Clausen's funtion. This speial funtion appeared readily in Se. 4, in the
alulation of the integrals i(d) and j(d) in two dimensions. With the rst two terms from the sum,
we get the ε expansions
i(d) =
1
2
+
ε
4
+
ε2
8
− ε
2
2
√
3
Cl2
(pi
3
)
+O(ε3) (36)
and
j(d) = −ε
8
− 3ε
2
32
+
ε2
3
√
3
Cl2
(pi
3
)
+O(ε3) . (37)
3
For a reent review on appliations of dierential equations in alulations of Feymnan integrals see [41℄.
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In deriving these we took into aount that Cl2(2pi/3)=2/3·Cl2(pi/3), Cl2(pi)=0, and used the
relation (23) between i(d) and j(d). The non-trivial O(ε2) term appearing in urly brakets of (33)
agrees with that of equation (33) in [34℄.
We see that a very speial transendental onstant Cl2(pi/3), whih is the maximum value of
the Clausen's integral Cl2(θ), appears both in the epsilon expansion of i(d) near d = 4 and in
the expliit expression of i(d) at d = 2. This is quite natural beause the Feynman integrals of
the type onsidered here obey ertain general relations that onnet their values in dierent spae
dimensions [59,35,39,40℄.
A simple formula relating the values of Feynman integrals assoiated with the zero-momentum
"sunrise" diagram with arbitrary masses on the lines at d = 4− ε and d = 2− ε has been
found in [59℄. In the partiular equal-mass ase with m2 = 1, this formula reads, in our notation,
J(1, 0; 4− ε) = 3pi
2
(1−ε)(2−ε)
[
J(1, 0; 2− ε)− pi2−εΓ2
(ε
2
)]
. (38)
Note that the pole terms of the Laurent expansion of J(4−ε) are ontained only in the last, trivial
term, and the value J(2) diretly enters the nite part of J(4− ε) (f. [39℄, Se. 3-4). This feature
diretly maps onto the onnetion between the funtions i(4−ε) and i(2−ε), whih an be written
as
i(4− ε) = 1
2− ε
[
1− 3ε
2
4(1 + ε)
i(2− ε)
]
. (39)
It is straightforward to hek that the last relation is indeed satised by the funtion i(d) given,
for instane, by (29).
Let us return to the epsilon expansions (36)(37). They an be ompared with that quoted in
(8)(9). In (36) we see the O(ε2) term of i(d), whih is missing in (8). By omparing the O(ε2)
terms of j(d) we an make the identiation
I =
∫ 1
0
dx
1− x(1 − x)
{
1 +
ln[x(1− x)]
[1− x(1− x)]
}
= − 8
3
√
3
Cl2
(pi
3
)
. (40)
An attempt to alulate this integral with the help of Mathematia [60℄ yields an expression in
terms of ψ′(x) where ψ(x) is the psi funtion, the logarithmi derivative of the Gamma funtion
(see e.g. [61℄). Thus we get the hain of equalities
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)
= Cl2
(pi
3
)
=
1
2
√
3
ψ′
(1
3
)
− pi
2
3
√
3
. (41)
The rightmost onnetion an be also read o from (A.13) of [11℄.
6. Conluding remarks
Let us return to the two-loop RG funtions dened at the beginning of the Setion 2. We see
that they an be expressed in terms of a single funtion of d = 4− ε, say
i(d) =
1
2− ε
[
4− 3 2F1
(ε
2
, 1;
1
2
;
1
4
)
+ 3−
1
2
− ε
2
2piΓ(ε)
Γ2(ε/2)
]
, (42)
whih ontains only one non-trivial Gauss' hypergeometri funtion. For example, the funtion
γφ(u) is thus given by
γφ(u) = −4
4− d
3d
N + 2
(N + 8)2
[
4− (4 + d)i(d)
]
u2 +O(u3). (43)
Similar expressions an be onstruted also for the remaining RG funtions β(u) and γ¯φ2(u).
Everywhere the dependene on spae dimension d is given expliitly in a simple parametri
form. Obviously, the onveniene of suh expressions is muh better ompared to representations
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in terms of multiple integrals as that in (6)(7). In priniple, this kind of formulas ould be used
in onsidering some dimensional expansions not tied to d = 4.
Analytial two-loop results are interesting in view of availability of numerial tables of three-
loop diagrams of the massive eld theory in d dimensions [62℄. It ould be thought of extending
expliit alulations to that order.
Finally, they are also interesting in their own right, as any mathematial results derived in
losed form. Moreover, in the ourse of the present work it was possible to nd out some interesting
mathematial relations given in equations (26), (41) and (30).
A. Expliit results in two dimensions
In order to derive the values of the funtions i(d) and j(d) at d = 2 we have to take ε = 2− α
and onsider the orresponding limits with α→ 0. Thus we write i(d) in (19) as
i(d) = i1(α) + i2(α) (44)
with
i1(α) =
1
α
[
2F1
(
2− α, 1; 3
2
− α
2
;
1
4
)
− 2F1
(
2− α
2
, 1;
3
2
;
1
4
)]
(45)
and
i2(α) =
1
2
2F1
(
2− α
2
, 1;
3
2
;
1
4
)
. (46)
There exists a simple α→ 0 limit of i2(α),
i2(0) =
1
3
+
2pi
9
√
3
, (47)
while eah of the hypergeometri funtions in i1(α) has to be expanded to O(α) in order to give the
nite i1(0). To this end, we found it useful to transform these funtions via the linear transformation
formula ([53℄, entry 15.3.3)
2F1(a, b; c; z) = (1 − z)c−a−b 2F1
(
c− a, c− b; c; z
)
. (48)
Thus we get
i1(α) =
(3
4
)−3/2+α/2 1
α
[
2F1
(
− 1
2
+
α
2
,
1
2
− α
2
;
3
2
− α
2
;
1
4
)
− 2F1
(
− 1
2
+
α
2
,
1
2
;
3
2
;
1
4
)]
. (49)
Here the both Gauss funtions are of the type (11), and hene an be represented in terms of
simple integrals appearing in (10). We have
i1(α) =
(3
4
)−3/2+α/2 1
2α
[(1− α)I1 − I2] =
(3
4
)−3/2+α/2 1
2α
[(I1 − I2)− αI1] (50)
where
I1 =
∫ 1
0
dt t−
1
2
−α
2 (1 − t/4) 12−α2 and I2 =
∫ 1
0
dt t−
1
2 (1 − t/4) 12−α2 . (51)
At α = 0, the integrals I1 and I2 both are equal to
I0 =
pi
3
+
√
3
2
, (52)
while the dierene between them I1 − I2 is of order α:
I1 − I2 =
∫ 1
0
dt√
t
(1 − t/4) 12−α2 (t−α2 − 1) = −α
2
∫ 1
0
dt√
t
(1− t/4) 12 ln t+O(α2). (53)
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Using Mathematia [60℄ we get
I1 − I2 = α
[
pi
6
+
√
3
4
+ 3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)]
+O(α2). (54)
Combining (50), (54), and (52) we obtain
i1(0) = −
2pi
9
√
3
− 1
3
+
4
3
√
3
3F2
(1
2
,
1
2
,
1
2
;
3
2
,
3
2
;
1
4
)
, (55)
and nally, together with i2(0) from (47), we arrive at i(2) given in equation (24) of the main text.
We did not nd in mathematial tables any summation formula for the generalized hypergeo-
metri funtion 3F2 appearing in the last two equations. So we looked for the series representations
of this funtion
∑
k≥0
(1/2)k
k!(2k + 1)2
1
4k
= 4
∑
k≥0
(2k)!
(k!)2(2k + 1)2
(1
4
)2k+1
=
∑
k≥0
(2k − 1)!!
(2k)!!(2k + 1)2
1
4k
. (56)
The middle version of the series appears, indeed, as a partial ase of the formula 5.2.13.7 in
[61℄ expressed in terms of the funtion arcsin 2x and its derivative. But, unfortunately, a simple
numerial hek at x = 1/4 revealed the inorretness of this entry.
In order to nd the right answer, we onsidered the series expansion
g(x) ≡
∑
k≥0
(1/2)k
k!(2k + 1)2
x2k+1
4k
, (57)
suh that g(1) = 3F2(1/2, 1/2, 1/2; 3/2, 3/2; 1/4) and g(0) = 0. Its derivative with respet to x,
multiplied by x, is
x g′(x) =
∑
k≥0
(1/2)k
k!(2k + 1)
x2k+1
4k
. (58)
Dierentiating one again we get
[x g′(x)]
′
=
∑
k≥0
(1/2)k
k!
x2k
4k
=
1√
1− x2/4
. (59)
Integrating bak leads us to
x g′(x) = 2 arcsin
x
2
(60)
and
g(x) =
∫
dx
2
x
arcsin
x
2
= Cl2
(
2 arcsin
x
2
)
+ arcsin
x
2
lnx (61)
where Cl2(z) is the Clausen funtion [56℄. In deriving the last equality we used the entry 1.7.4.13
from [61℄ and the fat that the integration onstants in the both last indenite integrations vanish.
Here we observe also that the neighboring entry 1.7.4.12 of [61℄ involves the series expansion of the
same type as the rightmost one in (56), giving, along with 1.7.4.11, the orreted version of the
false formula 5.2.13.7 in the ame referene.
Now, realling that at x = 1, the funtion g(x) reprodues the hypergeometri series 3F2 from
(55), we ome to the relation (26) given in the main text.
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âèìiðíîñòÿõ ïðîñòîðó
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26 æîâòíÿ 2018
Äâîïåòëåâi iíòåãðàëè Ôåéíìàíà ìàñèâíî¨ òåîði¨ ïîëÿ òèïó φ4
d
ðîçðàõîâàíi â ÿâíîìó âèãëÿäi
äëÿ äîâiëüíèõ âèìiðíîñòåé ïðîñòîðó d. Âiäïîâiäíi ðåíîðìãðóïîâi óíêöi¨ çàïèñàíi ó êîìïàêòíîìó
âèãëÿäi ó òåðìiíàõ àóñîâèõ ãiïåðãåîìåòðè÷íèõ óíêöié. Ïðîäåìîíñòðîâàíî ðÿä öiêàâèõ òà êîðèñíèõ
ñïiââiäíîøåíü äëÿ öèõ iíòåãðàëiâ à òàêîæ äëÿ äåÿêèõ ñïåöiàëüíèõ ìàòåìàòè÷íèõ óíêöié òà êîíñòàíò.
Êëþ÷îâi ñëîâà: Iíòåãðàëè Ôåéíìàíà, ñïåöiàëüíi óíêöi¨, ðåíîðìàëiçàöiéíà ãðóïà, òåîðiÿ ïîëÿ
PACS: 11.10.Kk, 12.38.Bx, 02.30.Gp, 05.70.Jk
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